The van der Waals (vdW) theory of fluids is the first and simplest theory that takes into account interactions between the particles of a system that result in a phase transition versus temperature. Combined with Maxwell's construction, this mean-field theory predicts the conditions for equilibrium coexistence between the gas and liquid phases and the first-order transition between them. However, important properties of the vdW fluid have not been systematically investigated. Here we report a comprehensive study of these properties. Ambiguities about the physical interpretation of the Boyle temperature and the influence of the vdW molecular interactions on the pressure of the vdW gas are resolved. Thermodynamic variables and properties are formulated in reduced units that allow all properties to be expressed as laws of corresponding states that apply to all vdW fluids. Lekner's parametric solution for the vdW gas-liquid coexistence curve in the pressure-temperature plane and related thermodynamic properties [Am. J. Phys. 50, 161 (1982)] is explained and significantly extended. Hysteresis in the first-order transition temperature on heating and cooling is examined and the maximum degrees of superheating and supercooling determined. The latent heat of vaporization and the entropy change on crossing the coexistence curve are investigated. The temperature dependences of the isothermal compressibility, thermal expansion coefficient and heat capacity at constant pressure for a range of pressures above, at and below the critical pressure are systematically studied from numerical calculations including their critical behaviors and their discontinuities on crossing the coexistence curve. Joule-Thomson expansion of the vdW gas is investigated in detail and the pressure and temperature conditions for liquifying a vdW gas on passing through the throttle are determined.
The van der Waals (vdW) fluid is the first, simplest and most widely known example of an interacting system of particles that exhibits a phase transition, in this case a first-order transition between liquid and gas (vapor) phases.
1,2 For these reasons the vdW fluid and associated phase transition are presented in most thermodynamics and statistical mechanics courses and textbooks (see, e.g., Refs. [3] [4] [5] , where, however, the treatment is often limited to a discussion of the pressure p versus volume V isotherms and their interpretation in terms of the Maxwell construction 6 to define the regions of coexistence of gas and liquid. In addition, critical exponents of several thermodynamic properties on approaching the critical point termininating the p versus temperature T liquid-gas coexistence curve are well known in the context of critical phenomena. 7, 8 On the other hand, for example, to our knowledge there have been no systematic studies of the temperature dependences of thermodynamic properties of the vdW fluid such as the heat capacity at constant pressure C p , the isothermal compressibility κ T or the volume thermal expansion coefficient α, and how those properties are influenced by proximity to the critical point or by crossing the liquid-gas coexistence curve in the p-T plane. Therefore the landscape of thermodynamic properties of the vdW fluid is unclear.
Here a comprehensive analytical and numerical study of the van der Waals fluid and its thermodynamic properties is presented. All thermodynamic properties are formulated in terms of reduced parameters that result in many laws of corresponding states, which by definition are the same for any fluid satisfying the assumptions of the vdW theory. These formulations allow the discussed thermodynamic properties to describe all vdW fluids.
The first few Secs. II-VII are short introductory sections. In Sec. II the nomenclature and definitions of thermodynamics functions and properties used here are briefly discussed along with the well-known properties of the ideal gas for reference. The vdW molecular interaction parameters a and b are discussed in Sec. III in terms of the Lennard-Jones potential where the ratio a/b is shown to be a fixed value for a particular vdW fluid which is determined by the depth of the LennardJones potential well for that fluid. We only consider here molecules without internal degrees of freedom. The Helmholtz free energy F , the critical pressure p c , temperature T c and volume V c and critical compressibility factor Z c are defined in terms of a and b Sec. IV, which then allows the values of a and b for a particular fluid to be determined from the measured values of p c and T c for the fluid. The entropy S, internal energy U and heat capacity at constant volume C V for the vdW fluid are written in terms of a, b, the volume V occupied by the fluid and the number N of molecules in Sec. V and the pressure and enthalpy H in Sec. VI. The vdW equation of state is written in terms of dimensionless reduced variables in Sec. VII and the definition of laws of corresponding states reviewed.
There has been much discussion and disagreement over the past century about the influence of the vdW molecular interaction parameters a and/or b on the pressure of a vdW gas compared to that of an ideal gas at the same volume and temperature. This topic is quantitatively discussed in Sec. VII A where it is shown that the pressure of a vdW gas can either increase or decrease compared to that of an ideal gas depending on the volume and temperature of the gas. A related topic is the Boyle temperature T B at which the "compression factor" Z ≡ pV /(N k B T B ) is the same as for the ideal gas as discussed in Sec. VII B, where k B is Boltzmann's constant. It is sometimes stated that at the Boyle temperature the properties of a gas are the same as for the ideal gas; we show that this inference is incorrect for the vdW gas because even at this temperature other thermodynamic properties are not the same as those of an ideal gas. In Secs. VII C and VIII the thermodynamic variables, functions and chemical potential µ are written in terms of dimensionless reduced variables that are used in the remainder of the paper. Representative p-V , T -V and µ-T vdW isotherms are presented in terms of the reduced parameters, where unstable or metastable regions are present that are removed when the equilibrium properties are obtained from them.
The equilibrium values of the pressure and coexisting liquid and gas volumes are calculated in Sec. IX using traditional methods such as the Maxwell construction and the equilibrium p-V , T -V and p-T isotherms and phase diagrams including gas-liquid coexistence regions are presented. An important advance in calculating the gas-liquid coexistence curve in the p-T plane and associated properties was presented by Lekner in 1982 , who formulated a parametric solution in terms of the entropy difference between the gas and liquid phases. 9 Lekner's results were extended by Berberan-Santos et al. in 2008 . 10 In Sec. X Lekner's results are explained and further extended for the the full temperature region up to the critical temperature and the limiting behaviors of properties associated with the coexistence curve for T → 0 and T → T c are also calculated. In the topics and regions of overlap these results agree with the previous ones. 9, 10 In Secs. X C and X D the coexisting liquid and gas densities, the difference between them which is the order parameter for the gas-liquid phase transition, the temperature-density phase diagram, and the latent heat and entropy of vaporization utilizing Lekner's parametrization are calculated and plotted. Tables of calculated values of parameters and properties obtained using both the conventional and Lekner parametrizations are given in Appendix A. Some qualitatively similar numerical calculations of thermodynamic properties of the vdW fluid were recently reported in 2013 by Swendsen.
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Critical exponents and amplitudes for the vdW fluid are calculated in Sec. XI, where their values can depend on the path of approach to the critical point. We express the critical amplitudes in terms of the universal reduced parameters used throughout this paper. The asymptotic critical behavior for the order parameter is found to be accurately followed from T c down to about 0.97T c . In Sec. XII hysteresis in the transition temperature on heating and cooling through the first-order equilibrium liquidgas phase transition temperature at constant pressure is evaluated. Numerical calculations of κ T , α and C p versus temperature at constant pressure for p > p c , p = p c and p < p c are presented in Sec. XIII, where the fitted critical exponents and amplitudes for p = p c are found to agree with the corresponding behaviors predicted analytically in Sec. XI. The discontinuities in the calculated κ T , α and C p on crossing the coexistence curve at constant pressure with p < p c are also shown to be in agreement with the analytic predictions in Appendix B that were derived based on Lekner's parametric solution to the coexistence curve.
Cooling the vdW gas by adiabatic free expansion and cooling and/or liquifying the vdW gas by Joule-Thomson expansion are discussed in Sec. XIV, where the conditions for liquification of a vdW gas on passing through a throttle are presented. An analytical equation for the inversion curve associated with the Joule-Thomson expansion of a vdW fluid is derived and found to be consistent with that previously reported by Le Vent in 2001. 12 A brief summary of the paper is given in Sec. XV.
II. BACKGROUND AND NOMENCLATURE: THE IDEAL GAS
An ideal gas is defined as a gas of noninteracting particles in the classical regime where the number density of the gas is small. 4 In this case one obtains an equation of state called the ideal gas law
where throughout the paper we use the shorthand
For an ideal gas containing molecules with no internal degrees of freedom, the Helmholtz free energy is
where the "quantum concentration" n Q is given by
m is the mass of a molecule andh is Planck's constant divided by 2π. Other authors instead use an expression containing the "thermal wavelength" λ T defined by n Q = λ −3
T . The entropy S is
This equation is known as the Sackur-Tetrode equation. The internal energy U is
and the heat capacity at constant volume C V is
The enthalpy is
The isothermal compressibility is
and the volume thermal expansion coefficient is
The heat capacity at constant pressure is Alternatively,
gives the same result. The chemical potential is
where to obtain the last equality we used the ideal gas law (1a). The Gibbs free energy written in terms of its natural variables N, p and T or τ is thus
where the differential of G is dG = −S dT + V dp + µ dN.
III. van der Waals INTERMOLECULAR INTERACTION PARAMETERS
Interactions between neutral molecules or atoms with a center of mass separation r are often approximated by the so-called Lennard-Jones potential energy φ LJ , given by
where the first term is a short-range repulsive interaction and the second term is a longer-range attractive interaction. A plot of φ LJ /φ min versus r/r 0 is shown in Fig. 1 . The value r = r 0 corresponds to φ LJ = 0, and the minimum value of φ LJ is φ LJ /φ min = −1 at
By the definition of potential energy, the force between a molecule and a neighbor in the radial direction from the first molecule is F r = −dφ LJ /dr, which is positive (repulsive) for r < r min and negative (attractive) for r > r min . In the vdW theory of a fluid (gas and/or liquid) discussed in this paper, one ignores possible internal degrees of freedom of the molecules and assumes that the interatomic distance between molecules cannot be smaller than a molecular diameter, a situation called a "hard-core repulsion" where two molecules cannot overlap. Therefore the minimum intermolecular distance from center to center is equal to the diameter d of one molecule. In terms of the Lennard-Jones potential, we set
rather than d = r 0 , because the Lennard-Jones interaction between two molecules is repulsive out to a separation of r min as shown in Fig. 1 . In the vdW theory, the volume of a molecule ("excluded volume") is denoted by the variable b, so the free volume available for the molecules to move in is V − N b. Thus in the free energy of the ideal gas in Eq. (2a) one makes the substitution
In terms of the Lennard-Jones potential, we set
where d = r min is a measure of the hard-core diameter of a molecule and we have used Eq. (14) . For r > d the force between the gas molecules is assumed to be attractive, and the strength of the attraction depends on the distance between the molecules. In terms of the Lennard-Jones potential this occurs for r > r min according to Eq. (13) and Fig. 1 . One takes into account this attractive part of the interaction in an average way as follows, which is a "mean-field" approximation where one ignores local fluctuations in the number density of molecules and short range correlations between their positions. The number density of molecules is N/V . The number dN of molecules that are at a distance between r and r + dr from the central molecule is dN = (N/V )dV , where an increment of volume a distance r from the center of the central molecule is dV = 4πr 2 dr. Thus the total average attractive potential energy summed over these molecules, φ ave , is
where the prefactor of 1/2 arises because the potential energy of interaction between a molecule and a neighboring molecule is shared equally between them. In the van der Waals theory, one writes the average potential energy per molecule as
where the parameter a ≥ 0 is an average value of the potential energy per unit concentration, given here using Eq. (18) by
One can obtain an expression for a in terms of the Lennard-Jones potential. Substituting the LennardJones potential in Eq. (13) 
Changing variables to x = r/r 0 and using Eq. (14) gives
The integral is −5/(18 √ 2), yielding
From Eqs. (17) and (23), a and b per molecule are related to each other according to
This illustrates the important feature that the ratio a/b for a given van der Waals fluid is a fixed value that depends on the intermolecular potential function.
IV. HELMHOLTZ FREE ENERGY AND CRITICAL PARAMETERS IN TERMS OF THE van der Waals INTERACTION PARAMETERS
The change in the internal energy due to the attractive part of the intermolecular interaction is the potential energy N φ ave and from Eq. (19) one obtains
When one smoothly turns on interactions in a thought experiment, effectively one is doing work on the system and this does not transfer thermal energy. Therefore the potential energy represented by the parameter a introduces no entropy change and hence the change in the free energy is ∆F = ∆U − ∆(τ σ) = ∆U . The attractive part of the intermolecular potential energy that results in a change in F compared to the free energy of the ideal gas is then given by
Making the changes in Eqs. (16) and (26) to the free energy of the ideal gas in Eq. (2a) gives the free energy of the van der Waals gas as
(27) This is a quantum mechanical expression becauseh is present in n Q . However, we will see that the thermodynamic properties of the vdW fluid are classical, whereh does not appear in the final calculations. In the limit N/V → 0 or equivalently a, b → 0, the Helmholtz free energy becomes that of the ideal gas in Eq. (2a).
The critical pressure p c , the critical volume V c and critical temperature τ c ≡ k B T c define the critical point of the van der Waals fluid as discussed later. These are given in terms of the parameters a, b and N as
The product of the first two expressions gives an energy scale
yielding the universal ratio called the critical "compression factor" Z c as
The critical temperatures, pressures and volumes of representative gases are shown in Table I 
Shown in Table I are the van der Waals parameters a and b per molecule derived from the measured values of T c and p c using the first two of Eqs. (28d). The listed values of a and b are expressed in units associated with a molecule such as eV andÅ, which are more physically relevant to the molecules composing the fluid than the common units of these quantities, which are, e.g., bar (L/mol) 2 and L/mol, respectively. Thus the parameter b is the excluded volume per molecule expressed in units ofÅ as shown in the table. From Eq. (28a), the critical volume per molecule is V c /N = 3b, which is only a factor of three larger than the excluded volume of a molecule itself. Shown in the last column of Table I is the effective Lennard-Jones intermolecular potential well depth φ min in Fig. 1 calculated from a and b using Eq. (24). The Cleveland, 2013) . Shown are the molecular weights (MW), critical temperature Tc, critical pressure pc, critical volume Vc and the dimenionless critical compression factor Zc ≡ pcVc/(RTc) where R is the molar gas constant. The value of Vc predicted by the van der Waals theory is Zc = 3/8 = 0.375 according to Eq. (28c), which is ∼ 30% larger than the observed factors listed in the table. Also shown are the van der Waals parameters a and b per molecule derived from Tc and pc using Eqs. (28d), where a is a mean-field measure of the attractive force between two molecules and b is the excluded volume per molecule due to the molecular hard cores. A measure of the van der Waals hard-core molecular diameter is defined here as d ≡ b 1/3 . Assuming a Lennard-Jones potential between molecules, the depth φmin of the potential well in Fig. 1 is calculated from a/ The dependences of a and b on the molecular weight (MW) of the various gases in Table I are shown in  Figs. 2(a) and 2(b), respectively. For fluids of one of the types shown, the two parameters a and b do not increase monotonically with molecular weight except for the alkanes.
V. ENTROPY, INTERNAL ENERGY AND HEAT CAPACITY AT CONSTANT VOLUME
The entropy of the vdW fluid is calculated using Eq. (27) to be
which is smaller than that of the ideal gas in Eq. (3) because the entropy scales with the free volume, which is smaller in the van der Waals fluid. In the limits V → ∞ Table I. or b → 0, Eq. (29) becomes identical to (3) . The internal energy is obtained using Eqs. (27) and (29) as
which is lower than that of the ideal gas in Eq. (4) by the attractive potential energy in the second term on the right. However, because the interaction parameter a is independent of temperature, it does not contribute to the temperature dependence of U given by the first term on the right side of Eq. (30) which is the same as for the ideal gas in Eq. (4). Since the temperature dependence of the internal energy of the vdW gas is the same as for the ideal gas, the heat capacity at constant volume is
which is the same as for the ideal gas in Eq. (5) . This heat capacity is independent of T , so the van der Waals gas is in the classical limit of a quantum Fermi or Bose gas. Furthermore, the forms of the thermodynamic functions are the same for the pure gas and pure liquid phases of the van der Waals fluid, which only differ in the temperature, pressure and volume regions in which they occur. Therefore, in particular, the gas and liquid phases discussed below have the same constant value of C V .
VI. PRESSURE AND ENTHALPY
The pressure p is obtained from the free energy in Eq. (27) as
As discussed above, the volume N b is the excluded volume of the incompressible molecules and V − N b is the free volume in which the molecules can move. With decreasing volume V , the pressure diverges when N b = V because then all of the volume is occupied by the total excluded volume of the molecules themselves, and the incompressible hard cores of the molecules are touching. Therefore the minimum possible volume of the system is V min = N b. Hence the first term on the right is always positive and the second term negative. The competition between these two terms in changing the pressure of the gas, compared to that of an ideal gas at the same temperature and volume, is discussed in Sec. VII A below. Plots of p(V ) at constant temperature using Eq. (32) have the shapes shown in Fig. 3 below. At the critical point τ = τ c , p = p c and V = V c , p(V ) shows an inflection point where the slope (∂p/∂V ) τ and the curvature (∂ 2 p/∂V 2 ) τ are both zero. From these two conditions one can solve for the the critical temperature τ c and pressure p c in terms of the van der Waals parameters a and b, and then from the equation of state one can solve for the critical volume V c in terms of a, b and N as given above in Eq. (28a).
Using Eqs. (30) and (32), the enthalpy is
In the limit of large volume V or small interaction parameters a and b, one obtains Eq. (6) for the enthalpy of the ideal gas.
VII. THE vdW EQUATION OF STATE, REDUCED VARIABLES AND LAWS OF CORRESPONDING STATES
Equation (32) can be written
This is the van der Waals equation of state, which reduces to the ideal gas equation of state (the ideal gas law) pV = N τ when the molecular interaction parameters a and b are zero. Using Eqs. (28d), one can write Eq. (34) as
Note that N has disappeared as a state variable from this equation. Following the notation in Ref. 4 , we define the reduced variableŝ
Then Eq. (35) becomes p + 3 
Thus with decreasing V ,p diverges at V = 1/3, which is the reduced volume at which the entire volume occupied by the fluid is filled with the hard-core molecules with no free volume remaining. Using Eq. (38),p versus V isotherms at several temperaturesτ are plotted in Fig. 3 . One notices that for τ > 1 (τ > τ c ), the pressure monotonically decreases with increasing volume. This temperature region corresponds to a "fluid" region where gas and liquid cannot be distinguished. At τ < τ c the isotherms show unphysical (unstable) behaviors in which the pressure increases with increasing volume over a certain range of p and V . This unstable region forms part of the volume region where liquid and gas coexist in equilibrium as further discussed below.
The order parameter for the liquid-gas phase transition is the difference in the number density n = N/V between the liquid and gas phases. 7, 17 Using Eq. (28d), one has
where Eq. (36) was used to obtain the last equality. The value of n c at the critical point is obtained by setting V = 1, yielding . The region on the far left corresponds to the liquid phase and the region to the far right corresponds to the gas or fluid phase depending on the temperature. The regions of negative pressure and positive dp/d V are unphysical and correspond to regions of coexistence of the gas and liquid phases that are not taken into account in this figure.
The reduced form of the number density analogous to those in Eq. (36) is obtained from Eqs. (39) aŝ
Using this expression, one can write Eq. (38) in terms of the reduced fluid number density aŝ
with the restrictionn < 3 due to the excluded volume of the fluid. Isotherms ofp versusn are shown in Fig. 4 . The unphysical regions wherep < 0 and dp/dn < 0 correspond to similar regions in Fig. 3 . Volume versus temperature isobars are shown in Fig. 5 . Some of these show unphysical regions as in Figs. 3 and 4 that are associated with coexisting gas and liquid phases as discussed in Sec. VIII. There has been much discussion in the literature and books about whether the interactions between the molecules in the vdW gas increase the pressure or decrease the pressure of the gas compared to that of a (noninteracting) ideal gas at the same temperature and volume. For example Stanley 7 and Berberan-Santos et al. 41). The region on the far left corresponds to the gas or fluid phase and the region to the far right corresponds to the liquid phase depending on the temperature. As in Fig. 3 , the regions of negative pressure and negative dp/dn are unphysical for a homogeneous fluid and correspond to regions of coexisting gas and liquid. state that the pressure decreases below that of the ideal gas due to the attactive interaction a, whereas Kittel and Kroemer 4 claim that the pressure increases. Others give no clear opinion. 5 Tuttle has reviewed the history of this controversy, including a quote from van der Waals himself who evidently claimed that the pressure decreases.
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Implicit in these statements is that the temperature and volume of the gas are not relevant to the argument as long as one is in the gas-phase or supercritical fluid part of the phase diagram. Here we show quantitatively that the same vdW interactions a and b can both increase and decrease the pressure in the same vdW gas compared to the ideal gas, depending on the temperature and volume of the gas.
The compression factor Z of a gas is defined in Eq. (28c) above as
For the ideal gas one has Z IG = 1. Using Eq. (32), the compression factor of the vdW gas is
The deviation of Z from Z IG is then
In the present discussion the temperature and volume are constant as the vdW interactions are turned on and the right side of Eq. (44) becomes nonzero. One sees from Eq. (44) that increasing b increases the pressure and increasing a decreases the pressure, where a/b is a fixed value for a given gas according to Eq. (24). Therefore a competition occurs between these two effects on the pressure as the interactions are turned on. In reduced variables, Eqs. (28d) give
Inserting these expressions into Eq. (44) gives
One has the limits 0 < 1/ V < 3. We recall that the first term on the right side of Eq. Fig. 6(b) . One sees from Fig. 6 (b) that ifτ is below a certain valueτ max , the pressure of the vdW gas is smaller than that of the ideal gas for a range of inverse volumes. There is a crossover atτ max where the initial slope ∂(Z−1)/∂(1/ V ) goes from positive to negative with decreasing values ofτ . By solving ∂(Z − 1)/∂(1/ V ) = 0 using Eq. (46), the crossover occurs at as indicated in Fig. 6 . Thus if the temperature of a vdW gas is less thanτ max , there is a range of inverse volumes over which the molecular interactions cause the pressure to be less than that of the ideal gas, whereas if the temperature is greater thanτ max , the interactions increase the pressure irrespective of the value of the inverse volume. To find this maximum value of the inverse volume versusτ , one can set Z − 1 = 0 in Eq. (46) and solve for (1/ V ) max , yielding
Ifτ < 1, the possibility of liquifaction of the gas exists as discussed below, so the discussion here refers only to the gas phase in this temperature range. We conclude that the same vdW interaction parameters can give rise to either an increase or a decrease in the pressure of a vdW gas or supercritical fluid relative to that of an ideal gas at the same volume and temperature, depending on the values of the volume and temperature.
B. Boyle Temperature
From Eq. (46), the temperatureτ B at which Z − 1 = 0, at which the net effect of the molecular interactions on the compression factor compared to that of the ideal gas is zero, isτ
whereτ B is known as the Boyle temperature. At large volumes the Boyle temperature approaches the limit τ B max =τ max = 27/8 in Eq. (47) and it decreases monotonically from there with decreasing volume. For the minimum value of V of 1/3 (at which the free volume goes to zero), Eq. (49) gives the minimum value of the Boyle temperature asτ B min = 0. It is sometimes stated that the Boyle temperature is the temperature at which a gas with molecular interactions behaves like an ideal gas. This definition is misleading, because it only applies to the compression factor and not to thermodynamic properties like the heat capacity at constant pressure C p , the isothermal compressibility κ T or the coefficient of volume expansion α. We show in the following Sec. VII C that the molecular interactions have nonzero influences on these thermodynamic properties at all finite temperatures and volumes of the vdW fluid. 
At the critical point, one obtains
It is also useful to write F in terms of reduced variables. We first write the quantum concentration in Eq. (2b) as
where
In terms of the reduced variables, the Helmholtz free energy in Eq. (27) becomes
where the dimensionless variable x c is
the entropy in Eq. (29) becomes
and the enthalpy in Eq. (33) becomes
The entropy diverges to −∞ atτ → 0, which violates the third law of thermodynamics and thus shows that the vdW fluid is in the classical regime just as the ideal gas is. At the critical pointτ =p = V =n = 1, the enthalpy H c is given by Eq. (56) as
Equations (50) and (56) are laws of corresponding states. However Eqs. (54) and (55) are not because they explicitly depend on the mass m of the molecules in the particular fluid considered. On the other hand, the change in entropy per particle ∆S/(N k B ) from one reduced state of a vdW fluid to another is a law of corresponding states. Taking the reference state to be the critical point at whichτ 3/2 3 V − 1 = 2, Eq. (55) yields
The isothermal compressibility κ T is given by Eq. (7). In the reduced units in Eq. (36) one obtains
One can write the partial derivative on the right side as
so Eq. (59a) can also be written
Utilizing the expression for the reduced pressure for the van der Waals fluid in Eq. (38), Eq. (59a) gives
In terms ofn = 1/ V , Eq. (60a) becomes
Using Eq. (28c), a Taylor series expansion of Eq. (60a) in powers of 1/ V gives
where the prefactor is
which is the result for the ideal gas in Eq. (7) that κ T = 1/p = V /(N k B T ). Thus in the limit V → ∞ one obtains the expression for the ideal gas. The volume thermal expansion coefficient α is defined in Eq. (8) . In reduced units one has
Comparing Eqs. (59c) and (61) shows that
Utilizing the expression for the reduced pressure of the van der Waals fluid in Eq. (38), Eq. (61) gives
In terms of the reduced number densityn = 1/ V one obtains
A Taylor series expansion of Eq. (63a) in powers of 1/ V gives
In the limit of large volumes or small concentrations one obtains
which agrees with the ideal gas value for the thermal expansion coefficient in Eq. (8) .
Comparing Eqs. (63a) and (60a) shows that the dimensionless reduced values of κ T and α are simply related according to
which using the expression (38) for the pressure is seen to be in agreement with the general Eq. (62).
The heat capacity at constant pressure C p and at constant volume C V are related according to the thermodynamic relation in Eq. (9) . In reduced units, this equation becomes
Using Eq. (28c) one then obtains
The expression for C V in Eq. (31) then gives
Utilizing Eqs. (63a) and (64), the heat capacity at constant pressure in Eq. (65c) for the vdW fluid simplifies to
The C p can be written in terms of the reduced number densityn = 1/ V as
A Taylor series expansion of Eq. (66a) in powers of 1/ V gives
In the limit V → ∞, this equation gives the ideal gas expression for C p in Eq. (9) . As one approaches the critical point withp
These critical behaviors will be quantitatively discussed in Sec. XI below. The latent heat (enthalpy) of vaporization L is defined as
where ∆S X is the change in entropy of the system when liquid is completely converted to gas at constant temperature. Using Eqs. (28c) and (36), L can be written in dimensionless reduced form as
VIII.
CHEMICAL POTENTIAL
The vdW fluid contains attractive interactions, and one therefore expects that it may liquify at sufficiently low temperature and/or sufficiently high pressure. The liquid (l) phase is more stable than the gas (g) phase when the liquid and gas chemical potentials satisfy µ l < µ g , or equivalently, when the Gibbs free energy satisfies G l < G g and the gas phase is more stable when
For calculations of µ of the vdW fluid, it is most convenient to calculate it from the Helmholtz free energy in Eq. (27), yielding The low pressure and high volume pure gas region is at the lower left and the high-pressure and low volume pure liquid region is at the upper right. As the volume decreases on moving upwards along an isotherm, the pressure increases until the system encounters the intersection with an unstable or metastable triangle-shaped part of the isotherm, labeled as the point X. At this point the chemical potentials of the gas and liquid are the same. As the volume decreases further, if the system is in equilibrium the pressure remains constant at this point until all the gas is converted to liquid. Then the pressure starts to increase again when the gas is completely converted to liquid as the volume of liquid decreases. The fluid phase, where liquid and gas cannot be distinguished, occurs at temperatures above the critical temperature T /Tc > 1.
Using Eqs. (28d), one can express µ(τ, V, N ) in reduced variables as
In terms of the reduced number densityn = 1/ V , Eq. (70a) becomes
The last term in X depends on the particular gas being considered. We add and subtract ln(2e −1/2 ) from the right side of Eq. (70a), yielding
For processes at constantτ , the last (gas-dependent) term in Eq. (71) just has the effect of shifting the origin of µ/τ c asτ is changed. When plotting µ/τ c versus p or µ/τ c versus V isotherms, we set that constant to zero,
Including the factor of 2e −1/2 in Eq. (72) causes the µ/τ c versus V isotherms to all cross at V = 1. Isotherms of µ/τ c versus V obtained using Eq. (72) are plotted in Fig. 7 for the critical temperature and several adjacent temperatures.
IX.
EQUILIBRIUM PRESSURE-VOLUME, TEMPERATURE-VOLUME AND PRESSURE-TEMPERATURE PHASE DIAGRAMS
By combining the data in Figs. 3 and 7, one can plot µ versus p isotherms with V as an implicit parameter, as shown in Fig. 8 . Since here µ = µ(τ, p) as in Eq. (12a), in equilibrium the state occurs with the lowest Gibbs free energy and therefore also the lowest chemical potential.
Following Reif, 3 certain points on a p-V isotherm at τ < 1 are shown in the top panel of Fig. 9 and compared with the corresponding points on a plot of µ versus p in the bottom panel. Starting from the bottom left of the bottom panel of Fig. 9 , at low pressure the stable phase is seen to be the gas phase. As the pressure increases, a region occurs at which the chemical potential of the gas and liquid become the same, at the point X at pressure p X , which signals entry into a triangle-shaped unstable region of the plot which the system does not enter in thermal equilibrium. The pressure p X is a constant pressure part of the p-V isotherm at which the gas and liquid coexist as indicated by the horizontal line in the top panel. The system remains at constant pressure at the point X in the bottom panel as the system volume decreases until all the gas is converted to liquid. At higher pressures, the pure liquid has the lower chemical potential as indicated in the bottom panel.
Essential variables of the calculations of the thermodynamic properties of the van der Waals fluid are the reduced equilibrium pressurep X for coexistence of gas and liquid phases at a givenτ and the associated reduced volumes V C , V D , V F , and V G in Fig. 9 . Using these values and the equations for the thermodynamic variables and properties, the equilibrium and nonequilibrium properties versus temperature, volume or pressure can be calculated and the various phase diagrams constructed. The condition for the coexistence of the liquid and gas phases is that their chemical potentials µ(τ ,p), temperatures and pressures must be the same at their respective volumes V G and V C in Fig. 9 , where µ(τ , V )/τ c is given in Eq. (72). This requirement allowsp X to be determined.
To determine the values ofp X , V C , V D , V F , and V G in Fig. 9 where gas and liquid phases coexist in equilibrium, one can use a parametric solution in whichp and µ/τ c are calculated at fixedτ using V as an implicit parameter and thereby express µ/τ c versusp at fixedτ . From the numerical µ(τ ,p) data, one can then determine the values of the above four reduced volumes and then the value of p X from V C or V G and the vdW equation of state. The following steps are carried out for each specified value of τ to implement this sequence of calculations.
1. The two volumes V D and V F at the maximum and minimum of the S-shaped region of the p-V plot in Fig. 9 are determined by solving Eq. (38) for the two volumes at which dp/d V = 0. These two volumes enclose the unstable region of phase separation of the gas and liquid phases since the isothermal compressibility is negative in this region.
2. The pressurep 2 at the volume V D is determined from the equation of state (38).
3. The volume V H is determined by solving for the two volumes at pressurep 2 (the other one, V D , is already calculated in Step 1). These two volumes are needed to set the starting values of the numerical calculations of the volumes V C and V G in the next step.
4. The volumes V C and V G are determined by solving two simultaneous equations which equate the pressure and chemical potential of the gas and liquid phases at these two volumes at a fixed set temperature, respectively:
The FindRoot utility of Mathematica is fast and accurate in finding the solutions for V G and V C if appropriate starting values for these parameters are given. The starting values we used were 0.97 V H and 1.1 V D , respectively, where the volumes V H and V D are obtained from Steps 3 and 1, respectively.
5. The pressurep X at which the gas and liquid are in equilibrium at a given temperature is calculated from either V C or V G using the equation of state (38).
Representative values of the above reduced parameters calculated versus reduced temperature are given in Table IV of Appendix A. By solving for the pressure p X versus temperature at which the gas and liquid phases coexist as described above, one can derive equilibrium pressurevolume isotherms. Representative isotherms are shown in isotherms showing the pure gas regime on the right, the liquidgas coexistence region in the middle and the pure liquid regime on the left. The dashed curve is the boundary between the regions of pure liquid, liquid + gas, and pure gas in the equilibrium p-V phase diagram. The yellow-shaded region bounded from above by the dashed curve is the region of coexistence of the liquid and gas phases in the p-V phase diagram in Fig. 13 (a). For temperatures above the critical temperature T /Tc = 1, there is no phase separation and no physical distinction between gas and liquid phases; this undifferentiated phase is denoted as the fluid phase.
follows. According to Eq. (12b) with constant τ and N , the differential of the Gibbs free energy is dG = V dp, so the difference in G between two pressures along a path in the V -p plane is
V (p) dp.
As shown in Fig. 11 (a), this integral is the integral along the path from point C to point G. The part of the area beneath the curve from C to D that lies below the curve from D to E is cancled out because the latter area is negative. Similarly, part of the negative area from E to F that lies below the path from F to G is canceled out by the positive area below the path from F to G. Therefore the net area from C to G is the sum of the positive hatched area to the right of the vertical line and the negative hatched area to the left of the vertical line that are shown in Fig. 11(a) . Since the vertical line represents equilibrium between the gas and liquid phases, for which the chemical potentials and Gibbs free energies are the same, one has ∆G = 0 and hence the algebraic sum of the two hatched areas is zero. That means the magnitudes of the two hatched areas have to be the same. Transferring this information to the corresponding p-V diagram in Fig. 11(b) , one requires that the magnitudes of the same two hatched areas shown in that figure have to be equal. This is Maxwell's construction. In terms of the The letter designations of points on the curve are the same as in Fig. 9 . The vertical red line at pressurepX = 0.6470 is the equilibrium pressure of liquid-gas coexistence atτ = 0.90. According to Eq. (74), the net area under the curve from point C, where the fluid is pure gas, to G, where the fluid is pure liquid, is proportional to the change ∆µ in the chemical potential between these two points, which is equal to zero for the region of liquid-gas coexistence from C to G. This ∆µ is proportional to the net area of V versusp along the path from point C to point G, which in turn is the sum of the positive hatched area to the left of the path C-D-E, and the negative hatched area to the right of the path E-F-G. Therefore the magnitudes of the first and second areas must be the same. This requirement is drawn on the corresponding p-V diagram in (b), where the magnitudes of the two hatched areas above and below the horizontal line atpX = 0.6470 must be the same. This is called Maxwell's construction.
numerical integral of ap versus V isotherm over the twophase region at temperatureτ , Maxwell's construction states that or equivalently
Equilibrium volume versus temperature isobars are shown in Fig. 12 for reduced pressuresp = 1.1, 1.0, . . . , 0.5. The isobars illustrate the first-order increase in volume at the liquid to gas transition temperature for each pressure withτ < 1. Forτ ≥ 1 only the undifferentiated fluid phase occurs. The coexistence curves of pressure versus volume and temperature versus volume as shown in Figs. 13(a) and 13(b), respectively. Also included in Fig. 13 (b) are regions in which metastable superheated liquid and supercooled gas occur, as discussed below in Sec. XII. It may seem counterintuitive that both dashed lines lie below the equilibrium curve. However, in Fig. 23(b) below, it is shown that the superheated liquid has a larger volume without much change in temperature, resulting in the superheated metastable region in Fig. 13(b) being below the equilibrium curve.
The pressure-temperature phase diagram derived from the above numerical data is shown in Fig. 14. Here there are no metastable, unstable or hysteretic regions. The gas-liquid coexistence curve has positive slope everywhere along it and terminates in the critical point at p = p c , T = T c , V = V c above which the gas and liquid phases cannot be distinguished. We obtained an analytic parametrization of the coexistence curve as follows. The ln(p X ) versus 1/τ data were fitted by the ninth-order polynomial , the regions of metastable superheated liquid and supercooled gas, derived as in Fig. 23 , are also shown with boundaries from the numerical data in Table IV that are defined by the solid black equilibrium curve and the respective colored dashed metastable curves as shown.
where the fitted c n coefficients are listed in Table II . To compare the fit with thep X versusτ calculated data one exponentiates both sides of Eq. (77). The fittedp X values agree with the calculated values to < ∼ 0.01% ofp X over the temperature range 0.15 ≤τ ≤ 1 of the fit.
X. LEKNER'S PARAMETRIC SOLUTION OF THE COEXISTENCE CURVE AND ASSOCIATED PROPERTIES
Lekner provided an elegant and very useful alternative parametric solution for the coexistence curve in Fig. 14 and some properties associated with it that is also based on solving Eqs. (73). The coexistence curve between liquid and gas phases is indicated, which terminates at the critical point with p = pc, T = Tc, V = Vc. On crossing the curve from left to right or top to bottom, the system transforms from pure liquid to pure gas. The liquid-gas coexistence curve is the functionpX(τ ), wherepX is defined in Fig. 9 . A fit of the coexistence curve is given in Eq. (77) with coefficients cn in Table II . At supercritical temperatures above Tc, the liquid and gas phases are physically indistinguishable and the substance is termed a fluid in this region. lations ofp X versusτ and associated properties to be easily carried out for bothτ → 0 andτ → 1 as well as numerical calculations in the intermediate temperature regime. He calculated some critical exponents for τ → 1.
9 Berberan-Santos et al. extended the calculations to additional properties of the vdW fluid for botĥ τ → 0 andτ → 1.
10 Here we describe and significantly extend this parametric solution and express the predictions from it in terms of our dimensionless reduced variables in Eqs. (28a), (36) and (40).
Lekner expressed the solutions to all properties of the coexistence curve in terms of the parameter y ≡ ∆s/2, where ∆s is the entropy difference per particle between the gas and liquid phases in units of k B . He defined two functions of y as f (y) = 2e y (y − 1)e 2y + y + 1 e 4y − 4y e 2y − 1 (78a) = y cosh y − sinh y sinh y cosh y − y ,
g(y) = 1 + 2f (y) cosh y + f 2 (y).
He then expressed the following properties of the coexistence curve in terms of y, f (y) and g(y), which we augment and write in terms of the critical parameters in Eq. (28) and reduced variables in Eq. (36) with subscript X where appropriate which specifies that the quantity is associated with the coexistence curve. Subscripts g and l refer to the coexisting gas and liquid phases, respectively. A symbolẑ means the value of z divided by its value at the critical point. The symbols are: ∆S X : difference in entropy between the pure gas and liquid phases at the two edges of the coexistence region in Fig. 10 ; τ X : temperature on the coexistence curve;p X : pressure on the coexistence curve; V g and V l : volumes of the respective coexisting phases; andn g = 1/ V g andn l = 1/ V l : number densities of the respective coexisting phases. The expressions are
dp X dτ ≡ dp
Since y ≡ ∆s/2, ∆s(τ X = 1) = 0 and ∆s(τ X = 0) = ∞ as shown below in Sec. X D, the implicit variable y runs from 0 to ∞. Hence one can easily calculate the above properties includingτ X as functions of y numerically, and then using y as an implicit parameter evaluate the other ones as a function ofτ X or in terms of each other. Our result forp X versusτ (i.e.,τ X ) obtained from the parametric solution is of course the same as already plotted using a different numerical solution in Fig. 14 . However, Lekner's parametrization allows properties to be accurately calculated to lower temperatures than the conventional parametrization in Sec. IX using the volume as the implicit parameter. Expressions for quantitites derived from the above fundamental ones as a function of y, along with references to the above equations originally defining them, are
(80b)
(80e)
(63b) (80h) (80l) where U is the internal energy, H is the enthalpy, L is the latent heat (enthalpy) of vaporization on crossing the coexistence curve in Fig. 14, κ T is the isothermal compressibility, α is the volume thermal expansion coefficient and C p is the heat capacity at constant pressure. Because a first-order transition occurs on crossing the coexistence curve atp,τ < 1 in Fig. 14 
In this section the relevant quantities are the values of the parameters minus their values at the critical point. We define
which are positive forτ ,τ X < 1. 
In these expressions, it is important to remember the definition t 0X ≡ 1−τ X in Eq. (81). Thus, t 0X increases aŝ τ X decreases below the critical temperature. The leading expression in the last equality of each equation is the asymptotic critical behavior of the quantity asτ → 1 − , as further discussed in Sec. XI below. 
Interestingly, the y −2 term is zero. Solving for y(τ X ) to orderτ
where here theτ 0 X term is zero. The entropy and latent heat forτ X → 0 are obtained by substituting Eq. (87) into Eqs. (79a) and (80l), respectively. The low-temperature limiting behaviors of the other functions versus y are obtained as above forτ X (y). If there is an exponential still present after the above reduction, it is of course retained. In that case, only the leading order term of y(τ X ) is inserted into the argument of the exponential, Eq. (87) is inserted for y in the exponential prefactor and then a power series in 1/τ X is obtained for the prefactor. The results for the low-order terms for 1/y → 0 andτ X → 0 are 
In Eq. (88h), we used the fact thatn g (τ X ) approaches zero exponentially forτ X → 0 instead of as a power law as doesn l (τ X ).
C. Coexisting Liquid and Gas Densities, Transition Order Parameter, Temperature-Density Phase Diagram
The densitiesn g andn g of coexisting gas and liquid phases obtained from Eqs. (79i) and (79j), respectively, together with Eq. (79b) are plotted versus reduced temperature T /T c in Fig. 15(a) . At the critical temperature they become the same. The difference ∆n X ≡n l −n g is the order parameter of the gas-liquid transition and is plotted versus T /T c in Fig. 15(b) .
Data such as in Fig. 15 (a) are often plotted with reversed axes, yielding the temperature-density phase diagram 14 in Fig. 16 . The phase diagram and associated temperature dependences of the coexisting densities of the liquid and gas phases experimentally determined for eight different gases are shown in Fig. 17 , along with the prediction for the vdW fluid from Fig. 16 . The experimental data were digitized from Fig. 2 of Ref. 14. Interestingly, the experimental data follow a law of corresponding states, 14 although that law does not quantitively agree with the one predicted for the vdW fluid.
A comparison of the high-and low-temperature limits of the average densityn ave in Eqs. (83l) and (88h), respectively, of the coexisting gas and liquid phases shows thatn ave is not a rectilinear function of temperature, which was noted by Lekner.
9 Shown in Fig. 18 is a plot ofn ave versusτ obtained from Eqs. (79b) and (79l), which instead shows an S-shaped behavior.
D. Latent Heat and Entropy of Vaporization
The normalized latent heat (or enthalpy) of vaporization L/(p c V c ) on crossing the liquid-gas coexistence curve in Fig. 14 is obtained parametrically versusτ X from Eqs. (79b) and (80l) and is plotted in Fig. 19(c) . The low-temperature behavior agrees with the prediction in Eq. (88b). From Fig. 19(c) , one sees that L → 0 as T → T c − , which is required because at temperatures at and above the critical temperature, the liquid and gas phases are no longer physically distinguishable. The normalized entropy of vaporization ∆S X /(N k B ) is obtained from Eqs. (79a) and (79b) and is plotted versusτ X in Fig. 20 . The entropy difference is seen to diverge for T → 0, in agreement with Eq. (88a.)
From thep X (τ ) data and information about the change in volume ∆V X = V gas −V liquid across the coexistence line obtained above from numerical calculations, one can also determine L using the Clausius-Clapeyron equation or L = T ∆V X dp X dT .
One can write Eq. (89b) in terms of the reduced variables in Eq. (36) as
The variation of dp X /dτ versusτ obtained from Eqs. 14 Also shown as the solid curve is the prediction for the vdW fluid from Fig. 16 . The experimental data follow a law of corresponding states, 14 but the one predicted for the vdW fluid does not accurately describe the data.
same L/(p c V c ) versusτ X behavior as already obtained from Lekner's parametric solution in Fig. 19(c) .
The entropy change ∆S X ≡ S gas − S liquid on moving left to right across the p-T liquid-gas coexistence curve in Fig. 14 is given in reduced units by Eq. (68) as The quantity in square brackets on the right side is already plotted in Fig. 19(c) . Using these data and Eq. (90) yields ∆S X /(N k B ) versusτ which is the same as already plotted using Lekner's solution in Fig. 20 . The entropy change goes to zero at the critical point because gas and liquid phases cannot be distinguished at and above the critical temperature. From Fig. 19(a) , the derivative dp X /dτ shows no critical divergence. Therefore, according to Eq. (89c), ∆S X shows the same critical behavior for T → T c as does ∆ V X (or ∆n X , see Sec. XI below).
Since the latent heat becomes constant at low tempertures according to Fig. 19(c) , ∆S X diverges to ∞ as T → 0 according to Eq. (90), as seen in Fig. 20 . This divergence violates the third law of thermodynamics which states that the entropy of a system must tend to a constant value (usually zero) as T → 0. This behavior again demonstrates that like the ideal gas, the vdW fluid is classical. This means that the predictions of the thermodynamic properties for either gas are only valid in the large-volume classical regime where the number density N/V of the gas is much less than the quantum concentration n Q . Furthermore, the triple points of materials, where solid, gas and liquid coexist, typically occur at T /T c ∼ 1/2, so this also limits the temperature range over which the vdW theory is applicable to real fluids. However, study of the vdW fluid at lower temperatures is still of theoretical interest.
Representative values for the above properties associated with the coexistence curve that we calculated using the parametric equations (79) and (80) are listed in Table VI in Appendix A. Critical exponents for liquid-gas phase transitions. The parameter dτ ≡τ − 1 = T Tc − 1 measures the fractional deviation of the temperature from the critical temperature Tc. The unprimed critical exponents are for τ0 > 1 and the primed ones for τ0 < 1. The prefactors of the powers of τ0 are the critical amplitudes. The critical exponent α is for the heat capacity at constant volume, β is for the liquid-gas number density difference (order parameter)n l −ng =
on traversing the liquid-gas coexistence line such as in Fig. 14, γ and γT are for the isothermal compressibility and δ is for the critical p-V isotherm, which is the p-V isotherm such as in Fig. 10 that passes through the critical pointτ =p = V = 1. The experimental critical exponents of fluids are described well by the exponents for the 3D Ising model as shown. 16 The classical mean-field critical exponents and amplitudes for the van der Waals fluid are in the last two columns. The definitions of the critical exponents except for γT and γ 
XI. CRITICAL EXPONENTS
We introduce the following notations that are useful when considering the approach to the critical point:
where µ c is the chemical potential at the critical point. The notation t 0 was previously introduced in Eq. (81) in the context of the coexistence curve. The asymptotic critical exponents relate the changes in a property of a system to an infinitesimal deviation of a state variable from the critical point. The definitions of some critical exponents relevant to the thermodynamics of the vdW fluid are given in Table III . Experimental data (see, e.g., Refs. 15, 16) indicate that the liquid-gas transition belongs to the universality class of the threedimensional Ising model, which is a three-dimensional (3D) model with short-range interactions and a scalar order parameter. 16 The theoretical values for the critical exponents α, β, γ and δ for this model are given in Table III , 16 where the value of δ is obtained from the scaling law βδ = β + γ. 17 Also shown in Table III are well-known critical exponents for the mean-field vdW fluid. 7, 17 The critical exponents γ p and γ ′ p are not commonly quoted. One sees that the vdW exponents are in poor agreement with the 3D Ising model predictions and therefore also in poor agreement with the experimental values. In the following we derive the vdW exponents together with the corresponding amplitudes expressed in our dimensionless reduced forms that are needed for comparison with our numerical calculations for temperatures near T c . 94) is shown by the dashed green line.
A. Heat Capacity at Constant Volume
The heat capacity at constant volume in Eq. (31) for the vdW fluid is independent of temperature. Therefore according to the definitions in Table III one obtains
and the corresponding amplitudes a and a ′ in Table III are hence both undefined.
B. Criticalp versus V Isotherm atτ = 1
For small deviations p 0 =p− 1 and n 0 =n− 1 ofp and n from their critical values of unity and settingτ = 1, a Taylor expansion of p 0 to lowest order in n 0 from Eq. (41) gives
A comparison of this result with the corresponding expression in Table III yields the critical exponent δ and amplitude d as
Thus the critical exponent and amplitude are the same on both sides of the critical point. To determine the temperature region over which the critical behavior approximately describes the critical isotherm, shown in Fig. 21 is a log-log plot ofp − 1 versusn − 1. The data are seen to follow the predicted asymptotic critical behavior p 0 = n δ 0 with amplitude d = 3/2 and exponent δ = 3 for 0.9 < ∼n < ∼ 1.1. This region withp ∼ 1 ± 0.001 appears horizontal on the scale of Fig. 4 .
C. Critical Chemical Potential Isotherm versusn
From Eq. (70c), there is no law of corresponding states for the behavior of the chemical potential of a vdW fluid near the critical point unless one only considers processes on the critical isotherm for whichτ = 1. The value of the chemical potential at the critical point is
Expanding Eq. (70c) withτ = 1 in a Taylor series to the lowest three orders in n 0 ≡n − 1 gives
Comparing the first term of this expression with the critical behavior of the pressure in Eq. (93), one obtains
Thus the critical exponent is the same as δ = 3 in Table III for the critical p-V isotherm but the amplitude is
2 by a factor of 3/8.
D. Liquid-Gas Transition Order Parameter
We now determine the critical behavior of the difference in density between the liquid and gas phases on the coexistence line, which is the order parameter for the liquid-gas transition. Equation (83k) gives the asymptotic critical behavior as
Comparison of this expression with the definitions in Table III gives the critical exponent and amplitude of the order parameter of the transition as
The exponent is typical of mean-field theories of secondorder phase transitions. The transition at the critical point is second order because the latent heat goes to zero at the critical point [see Fig. 19(c) above] . Figure 22 (a) shows an expanded plot of the data in Fig. 15(b) of the difference between the densities of the coexisting gas and liquid phases versus temperature. One sees a sharp downturn as T approaches T c . In Fig. 22(b) is plotted log 10 ∆n 0X versus log 10 (1 −τ ). 99). This asymptotic critical behavior is shown as the dashed blue curve in panel (a), where it is seen that this behavior is followed fairly accurately forτ > ∼ 0.97.
E. Isothermal Compressibility
The critical behaviors of κ T forτ → 1 ± are obtained using
Differentiating the pressure in Eq. (38) gives
Writing this expression in terms of the expansion parameters in Eqs. (91) and Taylor expanding to lowest orders gives
1. Approach to the Critical Point along the Isochore V = 1 withτ > 1
Setting v 0 = 0, Eqs. (100) and (102a) immediately give
Then the definition of the critical behavior of κ T in Table III gives the critical exponent γ and amplitude g as
2. Approach to the Critical Point along Either Boundary of the Gas-Liquid Coexistence Curve on a p-V Diagram witĥ τ < 0
Defining the isothermal compressibility at either the pure gas or pure liquid coexistence points G or C on the p-V isotherm in Fig. 9 has been used to define the critical behavior of κ T forτ < 0. The value of (∂p/∂ V )τ is the slope of a p-V isotherm at either of those points since these become the same forτ → 1. Referring to Fig. 9 , the reduced value of the volume V G is what we called V l for the coexisting liquid phase above and V C corresponds to V g for the coexising gas phase. For either the liquid or gas phases, to lowest order in t 0 Eqs. (83) give
Substituting this value into Eq. (102b) gives
Then Eq. (100) becomes
so the critical exponent γ ′ and amplitude g ′ are
Thus the critical exponents are the same forτ > 1 andτ < 1 but the amplitudes are a factor of two different. 7 In the following section the critical exponents and amplitudes of α and κ T are found to be different from the above values when the critical point is approached along the critical isobar.
F. Approach to the Critical Point along the Critical Isobar
In this section we consider the critical exponents and amplitudes of κ T , α and C p on approaching the critical point along the critical isobar, i.e.p = 1. We need these to compare with corresponding numerical calculations in Sec. XIII below. Settingp = 1, the equation of state (37) becomesτ = 1 + 3
The lowest-order Taylor series expansion of this equation in the variables τ 0 and v 0 in Eqs. (91) gives
Isothermal Compressibility
Forτ > 1, substituting v 0 in Eq. (110) into (102) and using the definition in Eq. (100) gives, after a Taylor series expansion,
Thus the critical exponents and amplitudes are
which are the same forτ > 1 andτ < 1 (see the critical isobar in the V -T plane in Fig. 12 ).
Volume Thermal Expansion Coefficient
From Eq. (62), near the critical point and on a path withp = 1 one has
From Eq. (38), the derivative is
Inserting this result and Eqs. (111) into (112) gives
(114) Thus ατ c /k B has the same critical exponents as κ T p c but with amplitudes four times larger than for κ T p c .
Heat Capacity at Constant Pressure
Inserting the above expressions for ατ c /k B and κ T p c near the critical point into the expression (65c) for C p gives
(115) When examining the critical part of C p , one would remove the noncritical part 3/2 due to C V from the righthand side.
The above critical exponents and amplitudes of the vdW fluid are listed in Table III .
XII. SUPERHEATING AND SUPERCOOLING
It is well known that systems exhibiting first-order phase transitions can exhibit hysteresis in the transition temperature and therefore in other physical properties upon cooling and warming, where the transition temperature is lower on cooling (supercooling) and higher on warming (superheating) than the equilibrium transition temperature T X . The van der Waals fluid can also exhibit these properties.
Shown in Fig. 23(a) is a plot of reduced volume V versus reduced temperatureτ at fixed pressurep = 0.3 from Fig. 5 that is predicted from the vdW equation of state (37). Important points on the curve are labeled by numbers. Points 1 and 9 correspond to pure gas and liquid phases, respectively, and are in the same regions as points A and I in the p versus V isotherm in the top panel of Fig. 12 . Points 3, 5 and 7 are at the gas-liquid coexistence temperature T X /T c as in Fig. 12 . Points 3 and 7 thus correspond to points C and G in Fig. 9 . Points 4 and 6 are points of infinite slope of V versusτ . The volumes of points 4 and 6 do not correspond precisely with those points D and F in Fig. 9 at the same pressure, contrary to what might have been expected. The curve 4-5-6 is not physically accessible by the vdW fluid because the thermal expansion coefficient is negative along this curve.
There is no physical constraint that prevents the system from following the path 1-2-3-4 on decreasing the temperature, where point 4 overshoots the equilibrium phase transition temperature. When a liquid first nucleates as small droplets on cooling, the surface to volume ratio is large, and the surface tension (surface free energy) tends to prevent the liquid droplets from forming. This free energy is not included in the treatment of the bulk van der Waals fluid, and represents a potential energy barrier that must be overcome by density fluctuations (homogeneous nucleation) or by interactions of the fluid with a surface or impurities (heterogeneous nucleation) before a bulk phase transition can occur. 4 These mechanisms take time to nucleate sufficiently large liquid droplets, and therefore rapid cooling promotes this so-called supercooling. The minimum possible supercooling temperatureτ SC = T SC /T c occurs at point 4 in Fig. 23(a) , resulting in a supercooling curve given by the dashed blue curve in Fig. 23(b) . Similarly, superheating can occur with a maximum reduced temperatureτ SH = T SH /T c at point 6 in Fig. 23(a) , resulting in a superheating curve given by the dashed red curve in Fig. 23(b) . The vertical dotted blue and red lines in Fig. 23(b) represent nonequilibrium irreversible transitions from supercooled gas to liquid and from superheated liquid to gas, respectively. The latter can be dangerous because this transition can occur rapidly, resulting in explosive spattering of the liquid as it transforms into gas with a much higher volume. The dashed supercooling and superheating curves in Fig. 23(b) are included in the T versus V phase diagram in Fig. 13(b) .
The reduced volumes V 4 and V 6 in Fig. 23(a) are calculated for a given pressurep from the equation of state (37) as the volumes at which dτ /d V = 0 (and d V /dτ = ∞). Then the reduced temperaturesτ SC =τ 4 andτ SH =τ 6 are determined from these volumes and the givenp using Eq. (37). The equilibrium first-order transition temperatureτ X is calculated by first finding the volumes V 3 and V 7 at which the chemical potentials in Eq. (72) are equal, where one also requires thatτ 3 =τ 6 without explicitly calculating their values. Once these volumes are determined, the value ofτ X =τ 3 =τ 6 is determined from Eq. (37). Plots ofτ X ,τ SH ,τ SC andτ SH −τ SC are shown versusp fromp = 0.01 to 1 in Fig. 24 . One sees thatτ X is roughly midway betweenτ SH andτ SC over the whole pressure range, withτ SH −τ SC decreasing monotonically with increasing temperature and going to zero atp = 1 as expected. 
XIII. NUMERICAL CALCULATIONS AT CONSTANT PRESSURE OF THE ENTROPY, INTERNAL ENERGY, ENTHALPY, THERMAL EXPANSION COEFFICIENT, ISOTHERMAL COMPRESSIBILITY AND HEAT CAPACITY AT CONSTANT PRESSURE VERSUS TEMPERATURE A. Results for p ≥ pc
The entropy relative to that at the critical point ∆S/N k B versus reduced temperatureτ = T /T c calculated using Eq. (58) at constant pressure forp = p/p c ≥ 1 is shown in Fig. 25(a) . As the pressure decreases towards the critical pointp = 1, an inflection point develops in ∆S versus T with a slope that increases to ∞ atτ = 1, signaling entrance into a phase-separated temperature range with decreasing pressure. The development of an infinite slope in ∆S versus T with decreasing pressure results in the onset of a divergence in the heat capacity at constant pressure at the critical point discussed below. Similar behaviors are found for the internal energy and enthalpy using Eqs. (50) and (56), respectively, as shown in Figs. 26(a) and 27(a), respectively. The thermal expansion coefficient ατ c /k B versus T /T c calculated from Eq. (63a) is plotted in Fig. 28(a) for p/p c = 1 to 1.5 in 0.1 increments. It is interesting that that the molecular interactions have a large influence on α (and κ T and C p , see below) even when p is significantly larger than p c . The data show divergent behavior forp = 1 at T → T c which is found in Fig. 28 to the analytical values of −2/3 and 2/3 4/3 in Eqs. (114) to within the error bars.
The isothermal compressibility κp c versus T /T c calculated from ατ c /k B and Eq. (64) is plotted in Fig. 28(c) for p/p c = 1 to 1.5 in 0.1 increments. The data again show divergent behavior forp = 1 at T → T c which is found in Fig. 28(d) to be given by κp c − 1 =
0.114(22)
T Tc − 1 −0.668 (11) for both T → T ± c , where the exponent and amplitude are equal to the analytical values of −2/3 and 1/(3 1/3 6) in Eqs. (111b) to within the error bars. The noncritical background compressibility of the ideal gas κ T p c = p c /p = 1 in Eq. (7) from the calculated κp c versus T /T c data before making the plot in Fig. 28(d) .
The C p (T ) predicted by Eq. (66a) is plotted for p/p c = 1.0-1.5 in Fig. 29(a) . One sees that as p decreases towards p c from above, a peak occurs at a temperature to within the error bars of 0.001 to 0.01 on the respective exponents.
B. Results for p ≤ pc
The equilibrium ∆S/N k B versusτ calculated using Eq. (58) at constant pressure forp ≤ 1, augmented by the above calculations of the gas-liquid coexistence region, is shown in Fig. 25(b) . Forp < 1 a discontinuity in the entropy occurs at a temperature-dependent transition temperature T X that decreases with decreasingp according to the pressure versus temperature phase diagram in Fig. 14 The reduced thermal expansion coefficient ατ c /k B and reduced isothermal compressibility κ T p c versus reduced temperatureτ = T /T c for several values of reduced pressurep = p/p c are plotted in Figs. 30(a) and 30(b) , respectively. Both quantities show discontinuous increases (jumps) at the first-order transition temperatureτ X < 1 from liquid to gas phases with increasing temperature. These data are for the pure gas and liquid phases on either side of the coexistence curve in Fig. 14 . Remarkably, the jumps vary nonmonically with temperature for both quantitities. This is confirmed in Fig. 30(c) where the jumps calculated from the parametric solutions to them in Eqs. (B2c) and (B1c) are plotted.
The reduced heat capacity at constant pressure C p /(N k B ) versus reduced temperatureτ is shown in Fig. 31(a) forp = 0.3, 0.4, . . . , 1. The transition from pure gas to pure liquid on cooling below the reduced tran- sition temperatureτ X = T X /T c results in a peak in the heat capacity and a jump ∆C p /N k B atτ X . In addition, there is a latent heat at the transition that is not considered here. The heat capacity jump is plotted versusτ X as filled circles in Fig. 31(b) , where it is seen to initially strongly decrease with decreasingτ X and then become much less dependent onτ X . The exact parametric solution for ∆C p /N k B versusτ X obtained from Eq. (B3c) is plotted as the solid red curve in Fig. 31(c) , where, in contrast to the jumps in κ T and α in Fig. 30 , ∆C p /N k B decreases monotonically with decreasingτ X and goes linearly to zero at T = 0.
Representative values of the jumps versusτ X in κ T , α and C p on crossing the coexistence curve in Fig. 14 In an adiabatic free expansion of a gas from an initial volume V 1 to a final volume V 2 , the heat absorbed by the fluid Q and the work done by the fluid W during the expansion are both zero, so the change in the internal energy U of the fluid obtained from the first law of thermodynamics is 
Setting this equal to zero giveŝ
By definition of an expansion one has V 2 > V 1 , yieldinĝ
so the adiabatic free expansion of a vdW fluid cools it. This contasts with an ideal gas whereτ 2 =τ 1 because it expands and cools. Thus under limited circumstances, adiabatic free expansion of the van der Waals gas can liquify it.
We note the caveat discussed by Reif 3 that an adiabatic free expansion is an irreversible "one-shot" expansion that necessarily has to cool the solid container that The filled red circles in (b) denote the phase transtion from pure gas to pure liquid due to the cooling associated with the free expansion. In (b), the curves with U/(pcVc) = −2 and −1 terminate because the calculated pressure becomes negative at the ends of these plotted curves. For U/(pcVc) = 0 and 1, a wide range of possible initial and final volumes for the adiabatic expansion result in the liquification of the expanding gas.
the gas is confined in. The container would likely have a substantial heat capacity compared to that of the gas. Therefore the actual amount of cooling of the gas is likely significantly smaller than calculated above. This limitation is eliminated in the steady-state expansion of a gas through a "throttle" in a tube from high to low pressure as discussed in the next section, where in the steady state the walls of the tube on either side of the throttle have reached a steady temperature. 
B. Joule-Thomson Expansion
In Joule-Thomson (or Joule-Kelvin) expansion, gas at a high pressure p 1 passes through a constriction (throttle) that might be a porous plug or small valve to a region with low pressure p 2 in a thermally insulated tube. 3 In such an expansion, the enthalpy H instead of the internal energy U is found to be constant during the expansion:
Whether heating or cooling of the gas occurs due to the expansion depends on howp andτ vary at constant H. Therefore it is useful to plotτ versusp at fixed H to characterize how the fluid temperature changes on passing from the high to the low pressure side of the throttle. From Eq. (56) one can express the temperature in terms of the enthalpy and volume aŝ
However, one needs to plotτ versusp instead of versus V at fixed H. Therefore in a parametric solution one calculatesτ versus V using Eq. (121) andp versus V using Eq. (38) and then obtainsτ versusp with V as an implicit parameter. We note that according to Eq. (57), a value of H/(p c V c ) = 2 gives rise to a plot ofτ versusp that passes through the critical pointτ =p = V = 1.
Thus for H/(p c V c ) < 2 one might expect that expansion of the vdW gas through a throttle could liquify the gas in a continuous steady-state process. This is confirmed below. Shown in Fig. 33 (a) are plots of reduced temperaturê τ versus reduced pressurep at fixed values of reduced enthalpy H/(p c V c ) for H/(p c V c ) = −2 to 10. Each curve has a smooth maximum. The point at the maximum of a curve is called an inversion point (labeled by a filled blue square) and the locus of these points versus H is known as the "inversion curve". If the high pressure p 2 is greater than the pressure of the inversion point, the gas would initially warm on expanding instead of cooling, whereas if p 2 is at a lower pressure than this, then the gas only cools as it expands through the throttle. Thus in using the Joule-Thomson expansion to cool a gas, one normally takes the high pressure p 2 to be at a lower pressure than the pressure of the inversion point. The low pressure p 1 can be adjusted according to the application.
The slope of T versus p at fixed H is
In reduced variables (36), this becomes
Thus the inversion (I) point for a particular plot where the slope ∂τ /∂p at fixed H changes from positive at low pressures to negative at high pressures is given by setting the right side of Eq. (123) to zero, yieldinĝ
where the second equality was obtained using the expression for α T in Eq. (63a). Equation (124) 
where we have introduced the abbreviation
Thenτ I is given in terms of h by inserting Eq. (125) into (121), yieldinĝ
The reduced inversion pressure versus h is obtained by inserting V I (h) in Eq. (125) 
Solving this expression for h gives the two solutions
Finally, inserting these two enthalpies into Eq. (127) and simplifying gives the two-branch solution for the inversion curve ofτ I (h) versusp aŝ
The inverse relation was obtained in Ref. 12 aŝ 
These points are consistent with the inversion point data in Fig. 33(a) . A plot ofτ I versusp obtained using Eq. (130b) is shown in Fig. 33 (a) and a plot using both of Eqs. (130) is shown in Fig. 34 . One notes from Fig. 34 that the curve is asymmetric with respect to a horizontal line through the apex of the curve. Expanded plots ofτ versusp for H/(p c V c ) = 0 to 2 are shown in Fig. 33(b) to emphasize the low-temperature and low-pressure region. On each curve is appended the data point (τ ,p X ) (filled red circle) which is the corresponding point on the coexistence curvep X (τ ) in Fig. 14 . If the final pressure is to the left of the red circle for the curve, the fluid on the low-pressure side of the throttle is in the liquid phase, whereas if the final pressure is to the right of the red circle, the fluid is in the gas phase. Thus using Joule-Thomson expansion, one can convert gas into liquid as the fluid cools within the throttle if one appropriately chooses the operating conditions.
XV. SUMMARY
The van der Waals theory of fluids is a mean-field theory in which attractive molecular interactions give rise to a first-order phase transition between gas and liquid phases. The theory can be solved exactly analytically or to numerical accuracy for all thermodynamic properties versus temperature, pressure and volume. Here new understandings of these properties are provided, which also necessitated review of important results about the vdW fluid already known.
The main contributions of this work include resolving the long-standing contentious question about the influence of the vdW interaction parameters a and b on the pressure of the vdW gas with respect to that of an ideal gas at the same temperature and volume, and resolving a common misconception about the meaning of the Boyle temperature. The calculation of the coexistence region between gas and liquid using the conventional parametric solution with volume as the implicit parameter is described in detail. Lekner's elegant parametric solution 9 of gas-liquid coexistence of the vdW fluid using the entropy difference between the gas and liquid phases as the implicit parameter is developed in detail, including determining the limiting behaviors of thermodynamic properties as the temperature approaches zero and the critical temperature to augment the corresponding results of Refs. 9 and 10. Using Lekner's formulation, analytic solutions are presented in Appendix B for the discontinuities on crossing the p-T gas-liquid coexistence curve of the isothermal compressibilty κ T , thermal expansion coefficient α and heat capacity at constant pressure C p .
Although it is well known that hysteresis in the transition temperature can occur for first-order phase transitions, this aspect of the vdW fluid has been little discussed. Quantitative numerical calculations are given of the maximum superheating and minimum supercooling temperatures on heating and cooling through the equilibrium transition temperature, respectively.
Numerical values of thermodyanic quantities versus temperature, volume, or entropy from the above studies are given in tables in Appendix A.
The critical exponents of the vdW fluid are calculated for several thermodynamic properties on approach to the critical point and within the region of overlap they agree with previous well-known results. 7 The critical amplitudes are also calculated in terms of our reduced parameters. The critical exponent and/or amplitude for a given property depend, in general, on the path of approach to the critical point.
The temperature dependences of κ T , α and C p of the vdW fluid not associated with the critical point have been little studied previously. A systematic numerical investigation at constant pressure is presented of κ T , α and C p versus temperature where the pressure is either greater than, equal to, or less than the critical pressure. For pressures above the critical pressure, these properties are strongly influenced by proximity to the critical point even at pressures significantly above the critical pressure. At the critical pressure, the numerical critical behaviors near the critical point agree with the predictions of analytic theory discussed above. Below the critical pressure, the numerical values of the discontinuities of κ T , α and C p on crossing the coexistence curve are in agreement with the above analytic results. The latent heat and entropy change on crossing the liquid-gas coexistence curve in the pressure-temperature plane were also thoroughly discussed.
Expansion of a continuous flow of a non-ideal gas at high pressure through a throttle to a lower-pressure region, called Joule-Thomson expansion, can be used to cool or liquify the gas. This process occurs at constant enthalpy when the temperature on the high-pressure side is below the so-called inversion temperature. Isenthalps in the temperature-pressure plane for the vdW gas were generated numerically and the inversion points determined. Formulas for the two branches of the inversion temperature versus pressure were derived analytically and found to be consistent with an earlier calculation by Le Vent.
12 Conditions under which liquid can be produced by Joule-Thomson expansion of a vdW gas are described. Representative values for the quantities listed, calculated in terms of the implicit parameter y using Lekner's parametric solution. 9 The subscript X refers to a property associated with the coexistence curve in Fig. 14 .τX andpX are the coordinates of the curve; ∆ VX is the difference in volume of the coexisting gas and liquid phases;ng andn l are the number densities of the two coexisting phases, ∆nX is the difference in density between the coexisting phases, which is the order parameter for the gas-liquid transition;nave is the average ofng andn l ; ∆SX/(N kB) = (Sg −S l )/(N kB) is the entropy difference between the coexisting phases; and L/(pcVc) is the latent heat (enthalpy) of vaporization. These data are complementary to those in Table IV. yτXpX dpX/dτX ∆ VXngn l ∆nXnave Sg − S l L/(pcVc)
= TX/Tc = pX/pc = (Vg − V l )/Vc = ng/nc = n l /nc =n l −ng =n g +n l 2 
N kB
1 − e 2y + 2y e 6y + e 2y (7 − 4y) − 2y − 3 + e 4y (−5 + 6y − 8y 2 ) (B3c) + 1 + e 2y (−1 + 2y) 1 + e 6y (−3 + 2y) + e 4y (7 + 4y) − e 2y (5 + 6y + 8y 2 ) .
These quantities are calculated versusτ X using Eq. (79b) with y as an implicit parameter.
